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Abstract. There is a natural action of SL(2,]R) on the moduh space of translation 
surfaces, and this yields an action of the unipotent subgroup U 



^0 1, 

We classify the {/-invariant ergodic measures on certain special submanifolds of 
the moduli space. (Each submanifold is the SL(2, M)-orbit of the set of branched 
covers of a fixed Veech surface.) For the JJ-action on these submanifolds, this is an 
analogue of Ratner's Theorem on unipotent flows. The result yields an asymptotic 
estimate of the number of periodic trajectories for billiards in a certain family of 
non- Veech rational triangles, namely, the isosceles triangles in which exactly one 
angle is 2i:/n, with n > 5 and n odd. 



1. Introduction 

A polygon P C is called rational if all angles of P are rational multiples of it. 
Let N{P,T) denote the number of (cylinders of) periodic billiard trajectories of 
Euclidean length at most T. It is a theorem of H. Masur [Mali IMa2j that there 
exist constants ci = ci(P) and C2 = C2{P) > such that for T ^ 1, 

ciT^ < N{P,T) < C2T^. (1.1) 

A natural question is whether ll.l|l can be converted to an asymptotic formula as 
T ^oo. 

A well known construction associates a "translation surface" S to each rational 
polygon P. Essentially the algorithm "unfolds" the billiard trajectories, by 
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reflecting the polygon instead of reflecting the trajectory. More precisely, let 
A C 0{2) denote the group generated by reflections in the sides of the polygon 
P. Since P is rational, A is finite. The "translation surface" consists of A copies 
of P, with each copy glued to each of its mirror images along the reflecting side. 

For example, if P is the unit square, then S is the torus R^/2Z © 2Z, and if P is 
the isosceles triangle with angles tt/2 — ir/n, tt/2 — ir/n, 27r/n, and n is even, then 
S is the regular n-gon with opposite sides identified. 

A translation surface can be defined in one of the following equivalent ways: 

a. A union of polygons Pi U • ■ • U P„ where each Pi C M^, and the Pi are glued 
along parallel sides, such that each side is glued to exactly one other, and the 
total angle in each vertex is an integer multiple of 27r. 

b. An orientable surface with a flat metric and isolated conical singularities that 
has trivial rotational holonomy. (Note that trivial rotational holonomy means 
in particular that parallel transport of a vector along a small loop going around 
a conical point brings a vector back to itself. This implies that all cone angles 
are integer multiples of 27r.) 

c. A pair (Af, w), where Af is an (orientable) Riemann surface, and w is a 
holomorphic 1-form on Af . (Note that away from the zeroes of uj, there is 
a local coordinate z such that to = dz, and this coordinate is unique up to 
translation. Then one can define the metric on M as jdzp. This metric is 
fiat, with conical singularities appearing at the zeroes of lo. 

The term "translation surface" comes from the fact that away from the cone 
points the surface can be covered by charts so that the transition functions are 
translations (z — > z + c). If a = (ai, . . . ,afc) is an 71-tuple of positive integers 
such that the sum of the ai is even, we denote by Ti.{a) the moduli space of 
translation surfaces (Af, uj) such that the multiplicities of the zeroes of ui are given 
by ai, . . . , a,i (or equivalently such that the orders of the conical singularities are 
27r(ai + 1), . . . ,27r(a„ + 1)). (Actually, for technical reasons, the singularities of 
{M,uj) should be labeled; thus, an element of Ti.{a) is a tuple {M,Lu,pi, . . . ,Pn), 
where pi, . . . ,p„ are the singularities of Af, and the multiplicity of pi is ai.) The 
moduli space of translation surfaces is naturally stratified by the spaces H(a); each 
is called a stratum. 

By construction, billiard trajectories on P correspond to "straight lines" on S, 
which are geodesies not passing through singularities. It is easy to see that any such 
geodesic is part of a family of freely homotopic parallel geodesies of the same length. 
Such a family is called a cylinder. Let N{S,T) denote the number of cylinders on 
S of length at most T. (By the length of a cylinder we mean the length of any of 
the closed geodesies that comprise it). 

The SL(2,R) action. There is an action of SL(2,]R) on the moduli space of 
translation surfaces that preserves the stratification. For our purpose, it is easiest 
to see this using definition ij^j): since SL(2,R) acts on M^, for 5 = Pi U ■ • ■ U P„, 
we can define gS = gPi U ...gPn, where all identifications between the sides of 
the polygons for gS are the same as for S. This action generalizes the action of 
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SL(2,R) on the space of flat tori SL(2, M)/ SL(2, Z). 

We can visualize this as a composition of "the usual linear action" with "cut and 
paste." We note that "cut and paste" is an isometry on the surface (and in fact 
preserves the horizontal and vertical directions as well). Note that if 5 is a union 
of triangles, and g is a large element of SL(2,E) then gS is a union of long and 
thin triangles. We may if we wish "cut and paste" gS and retriangulate to try to 
present gS as a union of triangles with bounded side lengths. 

Veech surfaces. For S G n{a), let r{S) C SL(2, R) denote the stabilizer of S. The 
group r(S') is called the Veech group of S. If r(S') is a lattice in SL(2, R) then S is 
called a Veech surface. It is a theorem of Veech jVelj that if S" is a Veech surface, 
then there exists c = c{S) such that 

7V(S',r)~cT2 (1.2) 

as r oo. 



Counting and Ratner's Theorem. One has the formula |Ve2j . (reproduced in 

UmI) 

N{S,T)-N{S,T/2)^T^ [ f{atreS)dd, (1.3) 



where at = ^ f] , ra — ( '^^^^„ ^^'^^ |. and t = loeT. The left hand side 

\0 e~7' \~sine cos0j' ^ 

counts (cylinders) of closed geodesies in an annulus, and the right hand side is an 

integral over part of the SL(2, R) orbit of S. Thus, the SL(2, R) action can be used 

to count closed geodesies (and thus periodic bilHard trajectories). 

A closer examination of (|1.3(l shows that the integral is over large circles inside 

the SL(2, R) orbit. These large circles can be approximated by horocycles, which are 

orbits of ut ~ • Thus the ergodic properties of the action of ?7 = {ut | i G R} 

play a key role. 

Ratner's theorem jRa6j is the classification of the invariant measures for the 
action of a unipotent subgroup on the homogeneous space H/T, where H is a Lie 
group and F is a lattice in H. An important question is whether a similar theorem 
holds for the J7-action on a stratum Ti.{a). One can also ask this question when 
one restricts the action to any SL(2, R) invariant submanifold of a stratum. In this 
paper, we will classify the JJ-invariant measures on a certain family of SL(2,R)- 
invariant manifolds. Another result in this direction was obtained by McMuUcn 
Ic] who, in genus 2. classified the measures invariant under all of SL(2,R). 



Branched covers of Veech surfaces. We say that a translation surface S* is a 
branched cover of a translation surface M if the covering map tt respects the 
translation structure (i.e. if we identify S = (Li,a;i) and M = (L2,cj2) where 
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the Li are Riemann surfaces and the uji are holomorphic 1-forms on Li then we 
require that tt: Li — > L2 is holomorphic and 7r*(a;2) = ^i-) 

Now let M e n{a) be a Veech surface. Then the SL(2, K) orbit of M is a closed 
subset D of 7-^(0;). Let H{(3) be another stratum, and let A^£i(/3) denote the set 
of all translations surfaces S € that are branched covers oi M G D. We will 

always assume that /3 is such that M-i}{f3) is not-empty. Then £>(/?) is SL(2,K) 
invariant. 

There are two types of Veech surfaces: arithmetic and non-arithmetic. A surface 
S = {M, oj) is an arithmetic Veech surface if and only if M is a (holomorphic) 
branched cover of a torus, lu is the puUback by the covering map of the standard 
differential dz on the torus, and the branch points project to points of finite order 
(under the additive group of the torus). Equivalently (see jG.Tj ) S is an arithmetic 
Veech surface if and only if T{S) is commensurable to SL(2,Z). All other Veech 
surfaces are called non- arithmetic (and their Veech groups, which are always non- 
uniform lattices, are non-arithmetic lattices in SL(2,R)). The case where M is 
arithmetic was analyzed in [EMSj . 

In this paper, we assume that M is not arithmetic, which implies that the genus 
of A/ is greater then 1. Then considering the Euler characteristic, it is easy to see 
that the degree of tt is determined by D and /?. This implies that A^_d(/3) is closed. 
(In the case where the genus of M is 1, one also has to fix the degree of the cover; 
see lEMSj for the details.) 

The main result of this paper is a classification of the ?7-invariant ergodic 
measures on MoiP)- This allows us to prove asymptotic formulas of the form 
l|1.2|l for S G A^£i(/3) (see Theorem 18. 12(1 . In particular we prove the following: 

Theorem 1.4. Let Pn be a triangle with angles 

n-2 n-2 4 



TT, TT, TT, 

2n 2n 2n 

where n > 5, n odd. Then, as T — > 00, 

TT (n- l)(n2 + n + 3) T2 



iV(P„,T) 



C(2) 144(n - 2) area(F„) ' 



The fact that the surface Sn associated to P„ is not Veech but is a branched cover 
of degree 2 of a Veech surface is due to P. Hubert and T. Schmidt (see Proposition 
4 in | HS1| and its proof). We should also note that if 71 = 5 then the Veech group 
of Sn is infinitely generated (see |HS2p . However, the Veech group of Sn plays no 
direct role in our analysis. 

Here is an outline of the paper. Section El states our main theorem. Sectional 
establishes notation and presents a few basic lemmas. Scction0]explains "shearing," 
the foundation of our study of invariant measures. Section [3 proves our main 
theorem ()2.6(l that classifies [/-invariant measures. Section [HI proves that there 
are only countably many closed orbits of a certain type. Section d uses our main 
theorem (and the countability result of ^ to prove that large circles in SL(2,]R)- 
orbits become uniformly distributed with respect to certain natural measures. 



Prepared using etds.cis 



Unipotent flows and Veech surfaces 



5 



Section IHl applies the equidistribution result of fQto derive asymptotic estimates 
for the number of periodic trajectories in branched covers of Veech surfaces. 

2. Measure classification 

Definitions and notation. Let G = SL(2,K). Let M be a Veech surface, which 
means that F = StabG(M) is a lattice in G. Here, we use M to also denote 
the isometry class of M; this is a single point in the moduli space. For fc e N, 
we define X'' to be the natural fiber bundle over G ■ M whose fiber over AI is 
M''. Thus, a point of is represented by (M',pi, . . . ,pk), where M' G GM and 
Pi, . . . ,Pk e M' . In other words, a point in X'' represents a surface in M' G GM 
together with k marked points on M' . 

We note that the space £)(/?) parameterizing branched covers is itself a finite 
branched cover of the space X'' for a suitable k. (The covering map just maps 
S S Md{P) to the surface in D it covers, and notes the locations of the branch 
points.) Thus, to classify the [/-invariant measures on MoiP) it is enough to 
classify [/-invariant measures on X'' (see I8.14|l . 

If M is a torus, then X'' can be identified with the homogeneous space 
(G K (M2)fe)/(SL(2,Z) K (Z2)'=). In this situation, a special case of Ratner's 
Theorem |Ra6| classifies all the ergodic [/-invariant probability measures on X'^. 
We generalize this to allow M to be any Veech surface. The proof is based heavily 
on ideas of Ratner [Rail lRa2l lRa3l iRaSl lRa5l lRa6] and Margulis-Tomanov 
|MaT| . An introduction to these ideas can be found in jMoj . 

Let S be the singular set of M. Then for g G G, gY, is the singular set of gM. 
Let Mo = M \ S, and let Xq C X'' denote the set {gM,pi, . . . ,pk) where g & G 
and {pi, . . . ngE = 0. Then X^ is isomorphic to the natural fiber bundle over 
GM whose fiber over M is (Mq)''. 

We have a natural embedding of in the space Vect(Afo) of smooth vector 
fields on Mq, so, for each w G and p G Mq, we have a trajectory 7t,,p(t) in Mq 
that is defined for t in a certain open interval containing (until the trajectory 
hits the singular set). We are interested only in the forward trajectory, that is, for 
t >0. By including the singular points of M, we extend 7„_p to a continuous curve 
7«^p in M that is defined for t in a closed interval (and for all points in M): 

• let 7„.p(0) = p for all u G and p G M; and 

• if t > and t is in the closure of the domain of ^v,pi let 

lv,p{t) = lim 7«,p(s) G S. 

Then each w G defines a function : Af.„ M, defined by 0t,(p) = 7p^„(l), 
where M„ is a dense, open subset of M. Note that is a local isometry (hence 
continuous). On the other hand, is usually not invertible, because a singular 
point will typically have several preimages. In addition, is usually not uniformly 
continuous, because of branch cuts. 
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Figure 1. In our notation, d G and ui S can be close, but <i>v{p) a^nd <i>w{p) may not be 
close. The wavy line represents a branch cut. 



For w £ (M^)'^, we have a continuous map (f>^: ^ X'^ (where X^ is a certain 
subset of X^), defined by 

(f>t{M,Pl, . . . ,Pk) = (M,0i,,(pi), . . .,(f>y^{pk)). 

(Thus, 0^ does not change the surface M, but moves the marked points in the 
directions specified by w.) Let $(ij2)fc be the pseudosemigroup generated by 
{ 0,^ \ w & (R^)*^ }. (The prefix "pseudo" simply refers to the fact that these 
maps are not defined on the entire space X'', but only on a subset.) Although the 
maps in ^Qg2)fc may not be one-to-one, they are always finite-to-one. 

For w e (R^)'', let (/>J^ be the restriction of 0f„ to {(j>^)~'^{XQ). Then 0^ is a 
diffeomorphism (and local isometry) from a dense open subset of Xq to a dense open 
subset of Xq. Let ^^g2)fc be the pseudogroup that is generated hy {(j)^ \ w £ (M^)'^ }. 
We remark that ^'(j{2')fc is transitive on Xq. 

Note that each of ^g^2-^k and ^pj2)fc is normalized by the action of G = SL(2,R) 

on X'', so we have corresponding semidirect products G x ^^^2)k and G k ^^^2^k- 
Let 

Horiz = { ((.t,;,0)),Jl^ I a;, G R} C (R^)'^ 

and 

Horiz = { I w e Horiz }. 

Note that, for wi,W2 G Horiz, we have 4>tji+w2 = 't>wi'l^w2 ^'^^ intersection of their 
domains, so Horiz is a pseudosemigroup. Also, Horiz commutes with the action of 
U. 

Statement of the main results. Let ji be an ergodic U -invariant probability measure 
on X^ . The projection of to G/F is {/-invariant, so it must be either Lebesgue 
measure or the arc-length on a closed J7-orbit |Uaj . The interesting case is when 
the projection is Lebesgue. A weak statement of our results is simply to say that, 
in this case, some horizontal translate of /i must be G- invariant: 

Theorem 2.1. Suppose /x is any ergodic U -invariant probability measure on X^ , 
such that the projection of ^ to G/T is Lebesgue. Then there exists h e Horiz, such 
that h^fi is G-invariant (and the domain of h has full measure). 

To obtain a more precise description of the ?7- invariant measures, one need only 
describe the G-invariant measures on X^. 
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Remark 2.2. 

1. It is easy to see that the G- invariant probabiUty measures on X'^ are in natural 
one-to-one correspondence with the F-invariant probabiUty measures on M*"' 
(cf., e.g., |W3 pf. of Cor. 5.8]). 

2. It is the F-invariant measures on Mq that are the most important to 
understand, because it is easy to see that every ergodic measure on arises 
from the following construction. Choose some pi G S'^ and some probability 
measure v on Mq ""^ that is invariant under a finite-index subgroup of F. 
The corresponding measure on {pi} x M^~'^ is invariant under a finite- index 
subgroup F' of F. By averaging over F/F', this yields a F-invariant measure 
supported on the subset S'' x M^^'^ of . 

We will show that every ergodic measure is carried by a nice subspace of . In 
particular, any ergodic measure carried by is the Lebesgue measure on a flat 
submanifold of Mq . 

Example 2.3. The natural Lebesgue measure on the diagonal A = of 
Mg is a F-invariant probability measure on Afg. Note that W = {v,v,v} is a G- 
invariant subspace of (M^)'^, and that the pseudogroup ^y^r of diffeomorphisms it 
generates is transitive on A. 

Theorem 2.4. Suppose fi is an ergodic T -invariant probability measure on . 
Then there exist 

• a point p G Af and 

• a G -invariant linear subspace W of (M^)*'', 
such that 

1. the orbit of p under $^ is a closed subset of whose dimension is 
dim 

2. some finite-index subgroup of F fixes <f>^ {p) setwise, and 

3. fi is the ^'^{p) -invariant Lebesgue measure on F<I'^(p). 

Remark 2.5. 

1. Conversely, if W is G-invariant, is closed, and some finite-index 
subgroup of F fixes ^^^ip), then the <I>{5j^-invariant Lebesgue measure on 
F<I>^(p) is a F-invariant probability measure. However, it may not be ergodic. 

2. We wish to emphasize that conchision l2.4iP|l implies the set r^'^^{p) is a finite 
union of translates of 

The theorem can be stated in the following equivalent form fsee 12.21(11) '): 

Theorem 12.41 . Suppose fi is an ergodic G-invariant probability measure on Xq . 
Then there exist 

• a point {AI,p) £ and 

• a G-invariant linear subspace W of (M^)'^, 



Prepared using etds.cts 



8 



A. Eskin, J. Marklof, and D. Morris 



such that 

1. the orbit (G x ^^)p of p under G k is a closed subset of X'' whose 
dimension is dim(G t< $^), and 

2. ji is the {G k ^'^) -invariant Lebesgue measure on this orbit. 

This results in the foUowing cxphcit version of Thcorcm l2.1l 

Theorem 2.6. Suppose p is an ergodic U -invariant probability measure on Xq . 
Then there exist 

• a point {M,p) G X'^ , 

• a G-invariant subspace W o/(R^)'^, and 

• some h £ Horiz, 
such that 

1. ^ ( domain = 1, 

2. the orbit (G k of p under G k $^ is a closed subset of X^ whose 
dimension is dim G + dim W , and 

3. {4'h)*l^ ^ ^^f) -invariant Lebesgue measure on this orbit. 

We will give an application to counting the number of periodic trajectories on M 
(see 

Theorems 12.11 12.41 and have been stated only for expository purposes — 
they are not a part of the logical development. We prove only Theorem 12.61 and 
the interested reader can easily derive the other theorems as corollaries. 

Our results imply that the closure of every F-orbit in is of a nice geometric 
form. Since AI \ Mq = E is a F-invariant finite set, it suffices to describe the orbits 
of points in A/q : 

Corollary 17. lUl . Suppose p G Mq. Then there exists a G-invariant linear 
subspace W o/(R^)''', such that 

1. the orbit of p under is a closed subset of {and its dimension 
is dmiW), 

2. some finite-index subgroup ofT fixes ^%/{p) setwise, and 

3. F$^(p) is the closure of the T-orbit of p. 

3. Preliminaries 

We collect all the notation in this section. Some of this repeats the definitions given 
in the previous sections. 

Notation 3.1. 

• Let G = SL(2,R). 

• There is a natural action of G on the moduli space of translation surfaces. 
We can visualize this as a composition of "the usual linear action" with "cut 
and paste." We note that "cut and paste" is an isometry on the surface (and 
in fact preserves the horizontal and vertical directions as well). 
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• Let M be a Veech surface, which means that F = Stabc {M) is a lattice in G. 
Here, we use M to also denote the isometry class of M; this is a single point 
in the moduli space. 

• Let fc G N. 

• We define X'^ to be the natural fiber bundle over GM whose fiber over M is 
M''. Thus, a point of X'' is represented by {M',pi, . . . ,pk), where M' e GM 
and pi, . . . ,Pk e M'. 

• The metric on X'' is defined by 

rf^'=([M',(K)ti],[(Af",(g.)ti]) 

= min ||.g - Id II + V ^m" fe, Qi) ] ■ 
geG, \ tt J 

gM' = M" 

• Note that X'' is G-cquivariantly homcomorphic to (G x Af'')/r, where 

o r acts on G by right multiplication, 

o r acts on M'^ componentwise, and 

o G acts on X'' via g{h, (p»)*Li) = (s^i, ■ 

• Let S be the singular set of M. 

• Let Mq = M \ S. 

• Let X^ = (G X il/o^^O/r C A"*-'. 

• Any w G (R^)'^ naturally defines a vector field on Xq. By taking the 
time-one map of the corresponding flow (where it is defined), we obtain a 
diffeomorphism (j)^ between two dense open subsets of Xq. The collection 
{0^ I w G (R^)*^ } generates a transitive pseudogroup 'I'(R2)fc of local 
diffcomorphisms of Xq . 

We extend cf)'^ to a (continuous) transformation (p'^ that is defined on a slightly 
larger subset oi X, by letting 

$ti^) = lim (j^tix') 

x' X 

x' G domain 

if the limit exists. (See i|21for & more concrete definition of (f>^, in terms of the 
flow corresponding to w.) We let $(R2)fe be the pscudosemigroup generated 
by these maps. 

Because the action of G on X^ normalizes 'J'^]u2)fc and we have 

semidirect products G x <f>(i{2)fc and G x $(R2)fc. Note that G x $(R2)fc is 
transitive on Xk . 
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It is important to note that, because of the singularities and resulting branch 
cuts, (j)'^ is usually not uniformly continuous (even though it is a local 
isometry). Furthermore, (t>^,{p) ^ uniformly continuous function of w. 

See Figure ^ Abusing notation, we may sometimes write w -\- p instead of 

Kip)- 



• Let J7 = { u* I t e M }, where 

• Let A = { a* I s G M }, where a" 

• Let y = { w'' I r e M }, where w'' 



1 t 
1 



e G. 





e~' 



G G. 



1 
r 1 



G G. 



• Let /i be a [/-invariant probability measure on X'^, such that ^ projects to 
the Lebesgue measure on r\G. 



• Let Horiz 



{((^-o))t, 



Xi G 



: I C (IR2)'= and HoriS = { 0^ | w G Horiz }. 
Then Horiz is a pseudosemigroup. 

• Let Vert = { ((0,yO)^^^ | ?/i G E} C (M^)'^ and 

Vert be the pseudosemigroup generated hy {4>w \ w £ Vert }. 

• For s G M, we define Hs : (M^)''' Horiz by Hs{w) = u^w — w. Thus, 

• The set 

-^Horiz = {P e A-Q I HoriSp C A-o } 

is [/-invariant. Thus, it is either null or conuU. Let us assume it is conuU. (If 
not, then by ergodicity, there exists h G ^Horiz such that is supported on 
X \ Xq. So can be described by a construction similar to Remark l2.2ip|l . 
The conclusion of Theorem 12.61 is therefore obtained by induction on k.) 

Note that Horiz acts on ^Horiz' ^y x{p) = (j^xip)- Therefore, the group 



AU K Horiz acts on ^Horiz- 



• Let 



{pe Xo\ Vertp C Xq} 



Note that AV k Vert acts on ^vcrti but we do not yet know that ^vcrt is 
conuU. 

• Let X = { a; G Horiz | x^/i = /i }. Because Horiz acts on <%Horizi know that 
X is a closed subgroup of Horiz. 
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• Let y = (w^ - Id)X C Vert. Equivalently, 

Y = {ye Vert I Hsiy) £ X, for all s e M }. 

• Let W ^ X + Y. Note that W is a G-invariant subspacc of (R^)'' , so G x ^y^r 
is a pseudosemigroup. 

• Let d = dimX. 

• Let HorizQX = Horizn(0'' x (R^)*''"''). By permuting coordinates, we may 
assume X n (HorizGX) = 0. 

• Let TTi : (the first i coordinates) be the natural projection. 

• For u) e X*^ , we use A*7ri(w) to denote the fiber measure of jjL over the point 
Ti,{uo) of X\ 

The following is obtained by applying the Pointwise Ergodic Theorem to the 
action of U on X^ . 

Lemma 3.2 (cf. |MaT[ Lem. 7.3]) For any p > 0, there is a "uniformly generic 
set" J7p in X^ , such that 

1. fi{np)>i-p, 

2. for every e > and every compact subset K of X^ , with p,{K) > 1 — there 
exists Li:, G R^ , such that, for all lu £ ftp and all L > Lq, we have 

X{ s e [-i, L] I diu'Lu, K)<e}>{l~ e)(2L), 

where X is the Lebesgue measure on R. 

Lemma 3.3 (cf. jRa41 Thm. 2.2], |Mo[ Lem. 5.8.6]) Suppose a Lie group H 
acts continuously on a Borel subset M of a locally compact metric space. If 

• U is a one-parameter, normal subgroup of H , and 

• fi is an ergodic U -invariant probability measure on M , 
then 

1. there is a U -invariant, Borel subset of M , such that 

(a) fJ-{^) ~ 1, and 

(b) nncfl ^ 9 for all c e H \StahHi^^), 
and 

2. for any e > 0, there is a compact subset K of M , such that 

(a) p{K) > 1 — and 

(b) KncK ^d) for allceH\StahHip)■ 
Proof. Ratner's argument in |R.a4l Thm. 2.2] shows, for each Hq E H \ Stahnil^), 
that there is a neighborhood Bh^ of Hq in H \ Stab^f (/i) and a conuU U -invariant 
subset rthg of M, such that 

rih,, n hn^g = 0, for all h £ Bh,,. 
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For the reader's convenience, we sketch the proof of this fact. Because Hq 
normahzes U but does not belong to Stab//(/x), we know that (/io)*M is {/-invariant 
and crgodic, but is not equal to ^. Therefore (/io)*M are mutually singular, 

which implies there is a compact subset Kq of M, such that fJ.{Ko) > 0.99 and 
Kq n hoKo ~ 0. By continuity and compactness, there arc open neighborhoods 
U and U'^ of Kq, and a symmetric neighborhood Be of e in H, such that 
U+nho{U+nM) = and B^iUnM) C U+ . From the Pointwise Ergodic Theorem, 
we know there is a conuU ^/-invariant subset flho of M, such that the [/-orbit of 
every point in spends 99% of its life in W fl M. Now suppose there exists 
h G BghQ, such that flho H hiljig ^ 0. Then there exists x G ^ha^ u & U, and 
c G -Be, such that ux and cHqux both belong to Z^/ n il/. This implies that ux and 
/iqwx both belong to U^. This contradicts the fact that W+ n HqU^ = 0. 

Cover H \ Stab^f(/^) with countably many balls Bji^, and let il = Hjli ^'b - 
(0) Let K be any compact subset of with ) > 1 — e. □ 

Theorem 3.4 (Kerckhoff-Masur-Smillie jKMSl Thm. 2]) For a.e. v e M^, 

the foliation by orbits of Rw is uniquely ergodic on Mq . 

Corollary 3.5. Suppose fi is a U -invariant probability measure on X^^^-^^ whose 
projection to G/T is Lebesgue. 

If fi is HoTiz- invariant, then fi is the Lebesgue measure. 

Proof. Theorem 13.41 implies that the foliation by orbits of Horiz is uniquely ergodic 
on gMg, for a.e. g & G. Thus, almost every fiber of /i over G/T is the Lebesgue 
measure. □ 



4. Shearing 

In this section, we prove the crucial fact that the direction of fastest transverse 
divergence between two nearby CZ-orbits is always along the stabilizer of ^. The 
analogous statement for unipotent flows is a cornerstone of the proof of Ratner's 
Theorem |Ra5l Lem. 3.3], |MaTI Lem. 7.5], |Mol Prop. 5.2.4']. 

Notation 4-1- 

• For any g G G, we may write 



9 = 



1 + a b 
c 1 + d 



with a, b,c,d G M. For a sequence {(?„} C G, we have (?„ ^ e if and only if 
• Suppose |d| < 1/4, say. For s G R with |.s| < l/(4|c|), let 



° f{s,g) 
o Vs{g) = 



1 + d - cs 

1 0' 
(l + d-cs)c 1 



G V, and 
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l/(l + d-cs) 

1 + d - cs 



Note that Vs{g) ^ e if 5 ^ e. 

• Suppose {pn} and {qn} are two sequences in a metric space. If d{pm g„) — > 0, 
we may write p„ ~ qn- 

Lemma 4.2. A simple calculation shows that 



l/(l + d-c.s) 

c 1 + d — cs 



Vs{9)as{g). 



For a sequence gn e, we denote /„(.s„) ~ f{sn,gn), and Xgn)- Then 

y/„(s„)g^y-s„ ^ j^f _^ g (-^^^ i^^i < l/(4|c„|)). 

Remark 4-3. ("Shearing") Let us discuss the action of U on (R^)*^. For any s G R 
and w e (R^)'^, we have 

u''{w) ^ w + Hs{w). 

Assume, now that 

Wn,w'„ and i/i(w„) ^ Hi{w'n). 
There is some s„ £ such that \\Hs^{wn — w'„)\\ = 1. Then 

u"" (Wn) - U"" {w'„) = {Wn " w'„) + iJs„ (w„ - w',^) « (w„ - ) G Hoiiz . 

Thus, under the ?7-flow, w„ and w!^ move apart along a leaf of the Horiz- foliation. 
In other words, the direction in which two nearby points move apart fastest is 
along Horiz. 

We use the notation of (|4.1|l to state the main result of this section. 

Proposition 4.4. For every p > 0, there is a compact subset Hp of X^^^.^^, with 
/J,{flp) > I — p, such that, if 

• {Mn,Pn), (^'^r'liKi) ".rc Convergent sequences in flp, 

• [M'^.p'^) = gnWn{Mn,p„) for some g„ G G and u)„ G 

• 5n ^ e and Wn 0, 

• s„ G M with 

1 

\Sn.\ < 



p2\k 



max(4|c„|, \\Hi{w„ 
and 

• an,s„Hs^{wn) converges, 
then lim„_»oo an,s„-ffs„ (wn) G Stab^ Horiz 
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Proof. Define (p: [— 1, 1] ^ A Horiz by 

(p{t) = lim a„ i| |(u;„) = aoo{t) hoo{t), 

n — >oo 

where, letting Coo = lim„_cx) c„|s„| and Woo = lim„^oo |s„|i?i(w,i), we have 



aoo(0 = 



1/(1 -Cooi) 







1 Cqq^ 



and /^oo(0 = 



It is clear that ip is continuous. We will show ip{t) G Stab^i Horiz (a*) for all t. Then 

lim an,s„Hs^{Wn) = V{±1) G StabAHoriz(M)°; 
n — ^oo 

as desired. 

Let fip be a uniformly generic set for the action of U on X'' with /i(flp) > 1 — p 
(see \'^.'2^ . By passing to a subset, we may assume that Hp C -^Horiz ^^"^ ^ti^^ 
is compact. For any e > 0, we know, from Lemma 13.31 fwith H = Horiz), 
that there is a compact subset K of X^^^.^^, such that /i(A') > 1 — (e/100) and 
K nhK = 9, for ah h G A Horiz \ Stab^ Horiz (m)- 

When n is large, the definition of Hp implies that 



(4.5) 



for all but e% of the values of s in the interval [— |s„|/4, |sn|/4] (or longer intervals) 
(see l3.2|l . Note that the Jacobian of /„ is uniformly bounded on [— |s„|, |s„|] . More 
precisely, /^(s) = 1/(1 + d„ - c„s)^, so 1/4 < f'{s) < 4. Therefore, 



(4.6) 



for all but 4e% of the values of s in the interval [— |s„|, |s„|] . Thus, (|4.5() and H4.6|l 
hold simultaneously for all but 5e% of the values of s in the interval [— |s„|, |sn |] . 

Let {M,p) = lmin^oc{Mn,Pn)- Because {M,p) G fip C '^Horiz' know that 
translating p„ by a vector in Horiz cannot move it into S. Hence d{Cp, E) > 
for any compact subset C of Horiz. Therefore, if n is sufficiently large, and, for 
convenience, we let s ~ t|.s„|, then 



Mn has no singularities in 



xyPn 



X G Horiz, y G Vert, 
<4||iJ,„(u;„)||, 

\\y\\<nw^\\ 



so 



u^M„ has no singularities in 



xyu Pn 



X G Horiz, y G Vert, 
||.t|I <2||iJ,,„(«;„)||, 
l|y||<2||m„|| 
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This implies that 
Therefore 

(M^,p^) = u-^"''*^g„u~''(w'*A/„, u^pn + u'^Wn) (dcfn. of Qn and w„) 

« as (u"A/„, m''p„ + Hs{wn)) (Lem. |121) 

= asHs(wn)u^{Mn,Pn) {u^ commutes with Horiz). 

When H4.5|l and H4.6|l hold simultaneously, we conclude that 

d{K,a,Hs{wn)K) ^0. 

From the definition of K, we conclude that agHg^Wn) G Stab^ Horiz (m)- That 
is, (p{t) = asHs{wn) belongs to Stab^HorizCM) for all but 5e% of the values of t 
in [—1,1]. Because e is arbitrary, ip is continuous, and Stab^ Horiz (/^) is closed 
subgroup, we conclude that ip{t) must actually belong to the stabilizer for all values 
oi t, as desired. □ 



5. Proof of Theorem[ 

We assume the notation of (|3.1|) . Recall, in particular, that /i is carried by '^Horiz' 



and that the group A Horiz acts on <%'Horiz ■ 

Proposition 5.1. Almost every fiber of ^ over X'^ is supported on finitely many 
orbits o/ Horiz QX. 

Proof. Because n is an ergodic probability measure, it suffices to show that 
almost every fiber is supported on countably many such orbits. For f2p as in 
ProDOsition l4.4l we know (JriLAr ^i/n is conuU, so it suffices to show, for each p > 0, 
that each fiber of flp is contained in the union of countably many orbits of Horiz QX. 
Suppose not. (This will lead to a contradiction.) Because any uncountable set 
contains one if its accumulation points, there exist {M',p) G fip and a sequence 
{pn} in M' , such that 

• (Af',p„) e np, 

• (M',p„) ^ (M',p), and 

• (A'/',p„) i (Horiz eX)(Af',p). 

Because TTd{M',pn) = nd{M',p) and (Af',p„) {AP,p), we may write (Af',p„) = 
Wn{M',p) for some Wn e 0'* x (R^)*'^'' with Wn e. By assumption, we know 
Wn ^ Horiz, so i?i(w„) is a nonzero element of Horiz 0(0^^ x (R^)''"'^) = Horiz eX. 
Because 

P^(^-i?l/l|H.(.„„)||(-n), 

and Proposition 14.41 implies that Hif\\Hi{w„)\\iuin) converges to an element of 
Stab^Horiz(A')°, we conclude that StabHorizex(A*)° i^ nontrivial. This contradicts 
the definition oi X. □ 
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Proposition 5.2. After restricting to an appropriate conull subset flo o/ A'^^^.j^., 
each fiber of tt^ is finite. 

Proof. We know, from Proposition 15. II that almost every fiber of tt^ is carried by 
only finitely many orbits of HorizGX. (From Theorem 13.41 we may assmne that 
each of these is an embedded copy of HorizGX.) Letting 

(HorizeX)+ = 0'^+'-^ X M+ X o''-'*-*, 

we may define a measurable function : X^^^.^^ [0,1] by — 

M7rd(uj) ((Horiz 0X)^(p)) . This function is essentially [/-invariant, so it must be 
essentially constant. Because this is true for all i, we conclude that tt^ is carried by 
a single point in each orbit of HorizBX. Since there are only finitely many such 
orbits to consider, we conclude that a.e. fiber consists of a finite number of atoms, 
as desired. □ 

Proposition 5.3. We may assume /i is A-invariant. 

Proof. Choose Hp as in Proposition l4.4l with p = 0.99. From Corollarv l3.5l we know 
that /X projects to the Lebesgue measure on X"^. Furthermore, by passing to a conull 
subset, we may assume ftp has finite fibers over X"^ (sec 15.2(1 . Thus, it is easy to 
see that there exist (M,p) G ilp, {u„} CV \ {e}, and {wn} C 0'' x (R^)^-^^ gy^h 
that VnWn{M,p) G r2p, Vn ^ 6, and Wn e. Then, in the notation of 1(4. 1(1 . with 
ffn = v„, and choosing s„ appropriately, we have an,s„Hs„{wn) G A(Horiz0X) (cf. 
pf. of 15. II to see that Hs^{wn) G (HorizBX)). We conclude, from Proposition 14.41 
that the identity component of StabyiHoiiz(/^) nyl(Horiz 0X) is nontrivial. Because 
the identity component of Stab^ Horiz (/^) H (Horiz QX ) is trivial (by definition of X ) , 
we conclude that Stab^i Horiz (a*) contains a one-parameter subgroup that is not 
contained in Horiz. Any such subgroup is conjugate to A (via an element of Horiz). 
Thus, by replacing fi with a translate under Horiz. wc may assume fi is A-invariant. 
□ 

Lemma 5.4. Ayert conull. 

Proof. By passing to a quotient, we may assume k ~ 1. For each nonzero vector 
w e R2, let 

T.^ ^ {pe gM \ (p + Ru;)n5l]^0}. 

Note that S^^'g = uS^"'"". 

Suppose there is a subset E of positive measure in G, such that /igj\/(I]g*''^') ^ 
for g G ET. Then the Pointwise Ergodic Theorem implies, for a.e. go G G, that we 
have ugo G ET for all it in a non-null subset Uq of U. Furthermore, because fi is 
[/-invariant, we may assume fJ.g„i\i ~ u^fi^goM for all u G Uq. Therefore 

for all M G [/q. This contradicts the fact that, because S™^ n E™^ is countable 
whenever Kwi / M.wi, we have pLgMi"^^) = for all but countably many choices 
of the line Mw. □ 
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Proposition 5.5 (cf. jMaTL Cor. 8.4], (Mol Cor. 5.5.2]) There is a conull 
subset n oZ-Yvert' such that 

for all Lu £ fl. 

Proof. Let flhe a generic set for for the action of A on X^^^.^; thus, fl is comiU and, 
for each w g f2, 

a^uj G Op for most t G 

Given (M,p), {M',p') G 17, such that {M',p') = vy{M,p) with w G and y G Vert, 
we wish to show y £ Y. 

Choose a sequence i„ — *■ oo, such that a'^"{M,p) and a*"'{M' ,p') each belong 
to rip. Because t„ — > oo and FVert is the fohation that is contracted by a^* , we 
know that a~*"(D?/)a*" e. Furthermore, because A acts on the Lie algebra 
of V with twice the weight that it acts on the Lie algebra of Vert, we see 
that ||a~*"wa*" ||/|a~*"2/a*" II 0. Thus, letting s be within a constant multiple 
of l/||a~*"ya*" II, we see, in the notation of H4.1|l . with gn = a^*"wa*" and 
Wn = a^*"ya^", that assign) e, but Hs^{wn) 7^ e. Thus, Proposition 14.41 
asserts that Hs^{wn) converges to a nontrivial clement of StabHoriz(M)° = X. 
Since Hs^{wn) = Hs^(a^*"ya*") is a scalar multiple of Hi{y), we conclude that 
Hi{y) G X. Therefore {u^ - Id)y = Hi{y) G X, so y G F. □ 

We require the following entropy estimate. 

Lemma 5.6 (cf. |MaTI Thm. 9.7], |Mol Prop. 2.5.11]) Suppose W is a closed 
connected subgroup ofVYeii that is normalized by a £ A~^ , and let 

J{a'\W) = det((Ada"^)|„) 

be the Jacobian of a^^ on W. 

1. If H is W -invariant, then h^{a) > log J(a^^, M^). 

2. If there is a conull, Borel subset of , such that Vl n Vert a; C Wu, for 
every uj£V,, then hij,{a) < log J{a~^,W). 

3. If the hypotheses of (0 are satisfied, and equality holds in its conclusion, then 
fi is W -invariant. 

Proposition 5.7 (cf. jMaTL Step 1 of 10.5], |Mol Prop. 5.6.1]) ^l is VY- 
invariant. 

Proof. From Lemma |5.6l|T|l . with a^^ in the role of a, we have 

\ogJia,UX) < h^{a-^). 
From Proposition 15 . 51 and Lemma l5.6l(^ . we have 

h^{a)<logJ{a-\VY). 
Combining these two inequalities with the facts that 
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• hf^{a) ^ h^{a ^) and 

• J{a,UX) = J{a~^,VY), 
we have 

log J{a,UX) < hf,{a-^) = h^{a) < log J{a-\VY) = log J{a,UX). 

Thus, we must have equahty throughout, so the desired conclusion foUows from 
Lemma EDO- □ 

Proposition 5.8. /.j is the Lebesgue measure on a single orbit on Xq of the 
pseudogroup G k 

Proof. We know: 

• U preserves (by assumption), 

• X preserves /i (by definition), 

• A preserves fi fsee l5.3|l . and 

• VY preserves /i f see 15. 7(1 . 

Therefore, fi is preserved by the pseudogroup G x generated by these 

maps. Because 

• this pseudogroup is transitive on the quotient , and 

• /i has finite fibers over X^^ fsee l5.2|l . 

this imphes that some orbit of the pseudogroup has positive measure. By ergodicity 
of U , then this orbit is conuU. □ 

Remark 5.9. To obtain the conchisions of Theorem 12. 61 we let = X + Y . Then 
H is supported on the (G k $^)-orbit of some point (pi, . . . ,pfe) in X^ . Note that, 
by choosing dim W to be minimal, we can guarantee that whenever pi is a singular 
point of M, the subspace W projects to in the i*"^ coordinate of (M^)'^. Therefore, 
the dimension of the orbit is equal to the dimension of the pseudosemigroup. 

6. Countability 

For our application, we need the following analogue of |Ra7l Cor. A(2)]. 

Proposition 6.1. The set of subspaces W occurring in Theorem \2.h\ is countable. 
For each such W , the set of closed orbits o/SL(2,R) K is countable. 

Lemma 6.2. The set of G-invariant subspaces W of (M^)'"' such that there exists 
p e M'^ with O = ^'^'P closed is countable. 
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Proof. Let 2d be the dimension of W. After possibly renumbering the factors, we 
may assume that 

((0,0)'' X (R^)'^-'') = 0. 

Then if we denote elements of (M^)'^ by {vi , . . . , Vk) where each Vj 6 M'^, then W is 
given by the following equations: for d + I < j < k, 

d 
i=l 

Recall that the linear holonomy map hoi: Hi{M,Z) ^ C = is given by 
hol(7) /^^j where uj ~ dx + idy is the holomorphic 1-form that determines the 
flat structure on M. Let A C denote the image of hoi, and let F denote the 
set of real numbers r such that there exist nonzero G A, G A with vi ~ rv2- 
Then F is clearly a countable set. We will show that each aji belongs to U {0}. 

Let TTrf : M"^ denote projection onto the first d factors. Note that the 

intersection of O with each fiber of 1:4 is finite. 

Now pick i, 1 < i < d, and j, d + 1 < j < fc. We may assume that aji ^ 0. 
Choose p = (pi, . . . ,pk) G O such that pi and pj are non-singular. Let 7 be any 
element of Hi{M,Z) with hol(7) ^ 0. We represent 7 by a piecewise linear closed 
curve on M beginning and ending at pi and not passing through any singularities; 
we will also denote this representative by 7. We obtain a closed curve ji € M'^ by 
keeping pm fixed for 1 < m < d, to 7^ i. Because O is a branched cover of M'^, 7.^ 
lifts to a closed curve 7,; in O. Let 7' denote the projection of 7^ to the j*'^ factor. 

We wish to calculate hol(7'), so let us describe 7' more precisely. The curve 
7 is a collection of segments connecting points pi ^ qq^qi^ . . . ^ = Pi, with 

[q-m): w,n £ • Then 7' is a collection of segments connecting the 
points Pj = q'Q,q[,..., q'^_^,q'„, with q'^^^^ = (jia.iw^ {q'^)- By perturbing the w^, 
we can make sure that 7' is well defined and is not passing through any singularities. 

By construction, the endpoint q'^ of 7' belongs to the finite set t^^"^ {t^ d{p)) H O. 
After replacing 7 by an integer multiple, we may assume that 7' is closed. But, in 
view of the explicit description of 7', hol(7') = aji hol(7), so aji G F. □ 

In the rest of this section wc will abuse notation by writing p + v for (l)y (p) . 

Lemma 6.4. Let M be a Veech surface, and let F be the Veech group of M . A 
point p is called a periodic point if the T orbit of p is finite. Then the set of periodic 
points is countable. 

Remark 6.5. When M is non-arithmetic, which is the only case that we need to 
discuss, it is proven in |GHSj that the number of periodic points is countable (in 
fact, finite). The following generalization of this statement also follows from the 
results of jGHSj . but we include a short proof of as a warm up to the proof of 
Proposition 16. II 

Proof. It is clearly enough to show that for each n G N, the set Vn of points of period 
n is countable. To do this it is enough to show that for each point p G Vm there 
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exists a neighborhood U ofp that does not contain any other points of P„ . Suppose 
the last statement is false. Then there exists a sequence of points pj £ Pn such that 
Pj — > p. Wc may assume after passing to a subsequence that the pj approach p from 
some given direction w (i.e. that lim ||p^_p|| — w). Let T' denote the intersection 
of all the index n subgroups of F. Then, since T is finitely generated, F' is of finite 
index in F and for each 7' G F', and all j, j'ipj) = Pj- Then each element of F' 
must fix w. This contradicts the fact that F', being a finite index subgroup of F, is 
Zariski dense in G. □ 



Proof of Proposition 16. JL It remains to prove the following assertion: Let W C 
(R^)'^ be an G-invariant subspacc. Then the set H of closed orbits of F k (f>^ is 
countable. 

Wc triangulate M, with the vertices at the singular points. This yields a cell 
decomposition of M*"' in which the cells Ai,...Am of maximal dimension are 
products of triangles. Let A? denote the interior of A^, and let Mq denote the 
union of the A°. For p £ , let 5{j)) denote the distance between p and the 
complement of (i.e. the distance to the boundary of the cell containing p). 

Let 2d = dimly, and let be any G-invariant complement to W. We may 
assume that W is given by the equations (|6.3|l . In view of Lemma IFT^ we may also 
also assume that W has dense projection onto any of the factors (i.e. for a fixed 
J, not all aji arc 0). Then, for any O e H, O n is dense in O. 

Let ni, . . . ,nm be an m-tuple of non-negative integers, and let 7Y(ni, . . . ,nm) 
denote the set of of O £ W such that O n A? has exactly rii connected components. 

Now suppose Ti is uncountable. Then there exist ni,...,n,„ such that 
Ti.{ni, . . . ,nm) is uncountable. Then by compactness, there exist O in 
Ti.{ni, . . . , n„i) such that for every e > there exists O' £ 'H{ni, . . . , n,„) such that 
the Hausdorff distance between O and C is less then e. Let p be the minimum 
over i of the minimal distance between connected components of O n A°. 

Let n = ni + • • • + n™, and number all the connected components of the 
intersection of O with the interiors of the cells as Oi, 1 < i < n. Let 71, . . . , 7s 
denote the generators of F. We may choose a point pi in each Oi such that for all 
J, 1 < J < s, 7jPi is in the interior of some component O;, where / depends on i 
and j . 

Let G = maxi<j<s |j7j||. Now choose e > so that: 

• Ge < p/3. 

• For any i, 1 < i < m, we have 5{j)i) > 2Ge. 

• For each i, 1 < i < m and each j, 1 < j < s, we have S{"fjPi) > 2Ce. 

Now choose C £ H(ni, . . . , rim) so that the Hausdorff distance between O' and 
O is less then e. Note that if g £ Oi with S{q) > 2Ge there exists a unique Vi £ W^, 
such that ||u,H < Ce and q + Vi £ O' . Also Vi does not depend on the choice of q, 
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and \\vi\\ < e. Furthermore Vi ^ since O and C cannot share a point in Mq. Let 
V denote the finite set {vi, . . . , 

We now claim that each generator 7^ preserves the set V. Indeed consider the 
points Pi G O and pi + Vi £ O' . Since both O and O' are F- invariant, we must have 
'jjPi £ O and 7j(pi + Vi) £ O' . By construction, ^jPi e Oi, and S{jjPi) > 2Ce. 
Recall that vi is the only vector in VF^ of norm at most Ce such that 'fjPi + vi £ O' . 
But 7j(p, + v{) = 7jp, + -fjv, £ C, and \\-^jVi\\ < hj\\\\v,\\ < Ce. Also jjV, £ W^, 
since VF^ is G-invariant. Thus 7jWi = w;. 

We have proved that for each generator 7^-, we have jjV C V. This immediately 
implies that FF = V. Then a finite index subgroup of F will fix a single vector in 
V, which contradicts the fact that F is Zariski dense in G. □ 



7. Averages over large circles 

Let rriK denote the Haar measure on S0(2) C G. For x £ X'' and t > 0, let 

i^t = vt,x = atrriKSx 

/e* 

where Sx is the atomic probability measure supported at x, and ''^^ ~ ( q -t 

Then each ft is a probability measure on X'' . We can think of ft as the measure 
supported on a circle of radius t inside the G-orbit through x. In this section we 
prove the following theorem: 

Theorem 7.1. Suppose x £ Xq. Then there exists a G-invariant subspace W of 
(M2)fe such that 

1. the G K orhit through x is closed, and 

2. limf_,oo Vt — ^, where fi is Lebesgue measure on this orhit. 

Remark 7.2. If IF = (R^)'"', then is the Lebesgue measure on X'' . 

Lemma 7.3 (Invariance under a unipotent) Suppose ti ^ 00. Then there is 
a subsequence ti. such that the measures Vn . converge to a probability measure Voo 

that is invariant under the unipotent element {q ^ of G. 



Proof. It follows from lEMI Corollary 5.3] that there is a subsequence ti^ such 
that the measures vt^ . converge to a probability measure v^o ■ We can find 6j 
such that at .rg .aT^ converges to u. (Recall that rg is the 2x2 matrix representing 

rotation by 0). Now the measures . = (ati >'_ft:atT^)at; (5i: are Oti .re.at^^ invariant, 
hence Voc is u invariant. □ 

Assumption 7.4. Assume i/qo is not the Lebesgue measure on X''. 
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Application of the measure classification theorem. Note that we do not know at 
this point whether is crgodic. However, standard resuhs (using u-invariance) 
imply that projects to Lcbesgue measure in G/T. 

Notation 7.5. For convenience, if B C (M^)''' and X C X'^, let 

B-'X^ \Ji$'^)-\X). 

By Theorem 12.61 and by Proposition 16.11 there exists a G-invariant proper 
subspace W of (R^)*-' and an orbit O of G k such that 

i/oo(Horiz"^0) > 0. 

We will show that this implies that x £ C In that case, the entire G-orbit of x lies 
in O, so i^oo{0) = 1. Furthermore, we show that as long as W was chosen as small 
as possible, Voo must be Lebesgue measure on O. 

Projection and fiber measures. We choose W to be of minimal dimension. From 
the structure of the G-invariant subspaces on (R^)*^, we see that dimVF = 2d, 
< d < k, and after renumbering the factors, we can make sure that 

W projects surjectively to (M^)'^ x O'^^''. 

Thus, (0,0)'^ X (K^)'^^'' is complementary to W, and O'' x R''^'^ is complementary 
to n Horiz in Horiz. 

Lemma 7.6. There exists e > and a box 

B = {QY X [ad+i,/3d+i] x • • • X [afe,/3fc] C Horiz 

such that Voo{B^^O) > 2e. 

Proof. Let Oq be the (unique) orbit of G x $^ that is open and dense in O. (In 
other words, Oq consists of the elements in O of which as few coordinates as possible 
are singular points.) Note that 

W-^Oo = Oo. (7.7) 

By the minimality of dim W, we see that i/oo (Horiz" ^(O \ Co)) = 0. Hence 
i^oo (Horiz " ^ Oq) > 0. By combining this with (|7.7() and the fact that Horiz = 
W + {0'^ X R'=-''), we conclude that there is a box B C 0'^ x R''-'^, such that 
r/oo(S-iOo) > 0. Since Oo C O, then i^ooiB-'^O) > 0, as desired. □ 

As in the previous sections, let tt^ : X'' X'^ be the natural projection onto the 
first d coordinates. For z G A"*, we let — 7r'^^{z) fl O. Note that is a finite 
set. 

We claim that 

i^oo projects to the Lebesgue measure on X'^. (7-8) 
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B{S,L) 



Figure 2. The time the eUipse (drawn here as a dotted line) spends inside the small box B{5i , Li) 
is at most e times the time the ellipse spends in the larger box B{S,L). In Lemma l7.ini this is 
proved as a result in (R^)'''. Because of Lemma 17.121 it can be transferred to X'' , even if the 
ellipse crosses the branch cut starting at the possibly singular point p. 



To see this, note that, because is a proper subspace of (M^)'', we have d < k. 
Hence, by induction on k, we may assume there is a G- invariant subspace Wd 
of (R^)'', such that the projection of i^oo to X"^ is the Lcbesgue measure on the 
G K (E>^^ orbit Od through Tidix). Then 7r^^(Horiz~^ Od) is conuU for v^o, so 

iyo.{n-\UoTiz~^ Od) CiO) = UooiO) ^ 0. 

From the minimaUty of dim W, we conclude that Wd = (M^)''. Therefore Od = X'^, 
which estabUshes the claim. 

Assumption 7.9. We may assume x ^ O. (Otherwise, from the fact that O is a 
branched cover of X"^ (and Lemma [8.141 below), we would immediately conclude 
that j/qo is the Lcbesgue measure on O, as desired.) This will lead to a contradiction. 



The key estimate. For Li > 0, Si > let 
i?(<5i,Li) = J(x,y)G(M2)'= 



Xi = IJi = 0, for 1 < i < d, 
Xi\ < Li and \yi\ < 6i, for d + I < i < k. 



Lemma 7.10 (The key estimate) Suppose B c B{5i,Li) c B{5,L), where B 
is as defined in Lemma 1 7. 6] Suppose also that p > 0, e < 1, Si < £(5/5, and 
Li < eL/5. Then there exists to depending only on p,6,L such that for any t > to 
and any v £ B(Si, Li) with 



have 



where re 



d{v, Horiz) > — e 
5 



\{9\ atrgat\ £ B{Si,Li)}\ < ^\{0 \ atrgOt^v G B(5,L)}|, 



cos 9 sin 9 
— sin 9 cos 9 



(7.11) 



Proof. If we write v — (ui, . . . , w^), with Vj G M^, and also write Vj = i ) then 

yyjj 

the condition H7.11|l implies that there exists at least one j,m + l<j<k with 
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> ^e~*p. The rest of the argument will take place in the j^^ factor (See 
Figure 0). 

We note that the components of the map 6 atrga^^v are trigonometric 
polynomials of degree 1. In other words, the path 6 atrga^^Vj parametrizes 
an ellipse. Let to = max(log 0). Then if t > to and 9 = tt/2 then 

atrga^ Vj = ^ 2/ J ^ B{5, L). Thus, the ellipse 9 atrga^ Vj leaves B{S, L). 

Then in view of the dimensions of the boxes, the portion of the ellipse in B{di, Li) 
is at most e/2 times the portion of the ellipse in B{6, L). □ 

Lemma 7.12. For any L > 0, there exists 6 > and a compact subset E of X"^ 
with Voaij^j^^iE)^ > 1 — e/4, such that 

1. B{5^L)~^{0 n 7rj^^(i?)) does not contain any singular points, other than 
perhaps points in O , and 

2. for each p E B{6, L)^^ {^O (1 Tr^^{E)^ , there is a unique b £ B(S, L), such that 
kip) e O. 

Proof. For z G X"^, let Sz be the surface corresponding to z (so we may write 
77^^(2;) as 5^"''). Let denote the singular set of S-. For any L > on the 
fixed surface 5*2, there exist only finitely many horizontal trajectories of length at 
most L connecting points of Ez U to points of Ez U Ez. Therefore we can find 
a large compact subset E of X'^ such that for any z £ E, Sz has no horizontal 
trajectories of length at most 2L connecting points of Ez U E2 to other points of 
Ez U Tiz- Since i/qo projects to Lebesgue measure on X"^ (sec I7.8|) . we may choose 
E so that z/qo (7r^^(£')) > 1 — e/4. Now we can choose (5 > by compactness. 

Note that, because B{d,L) c (0,0)'' x (M^)^-^, we have B{5,L)-^Ez C t^-^{z). 
Therefore B{S, L)-^Ez (1 O = Ez. □ 



Completion of the proof of Theorem \7. 1\ Because x ^ O fsee l7.9|l . we may choose 
p > so that d{x, O) > kp. We may also assume that on the surface corresponding 
to X, the distance between any two singular points is at least kp. Let B, [ai,(3i\ 
and e be as in Lemma 17.61 Choose Li so that for all d + 1 < i < k, we have 
[ai,/3i] C Let L = lOii/e. Now choose E d X'^ and d" > so that 

Lemma [7.121 holds. Finally, choose 5i = eS/10. Assume t > log(5L/p). We will 
abuse notation by writing p + v for (p) . 

We claim that if atrg^x + v € O, with v G B{6i, Li), then (|7.11|) holds. Indeed, 
we have then 

rggX + a^^v = a:[^{atrggX + v) e a^^O = O, 

so 

\a^^v\ > d{rg„x, O) = d(x, O) > kp. 

Also, 

\a7^v\ < e* • d(v, Horiz) H i. 
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Therefore 

d(^;,Horiz) > e"* (^\ai\\ " ^) > e^' (^kp ^ > e-'^p. 

Now let 

R={9\ atrgx e BiSi, Li)-^ {O n 7r^\E)) } . 

Suppose 6 £ R. Let v be the unique element of B{Si, Li) with atrgx + v G O, and 
let 

19 = {0' I atren-g^a-^v G B((5,L)}. 

Note that 9 G I'g, so we may let Ig be the component of I'g that contains 9. By (the 
proof of) LemmaEni |/e n i?| < (e/2)|/e|. 

We claim that if Ig^ ^ Ig^ , then Ig^ n is disjoint from R. To see this, note 
that if 9' e Ig^ n /e^, then there exist vi^V2 G i3((5i,Li), such that, letting 

V- = atrgirg\'^'^Vi, 

we have t',- e i3((5, i) and 

Otre'X + v[ = atrg,rg^^a^^{atrg.x + Vi) £ atrg^Tg^a^^O = O. 

Now if Ig^ 7^ Ig^, then r'g'^a'f^'^vi ^ rg^a^^V2, so tjJ^ ^ Wj- Lemma lY. 121^1 therefore 
implies that atrg'X ^ B{S,L)^'^{0 r\7:^^{E)), so 9' ^ R. 

Since each point of RH Ig is contained in a unique interval, the circle is covered 
at most twice by the intervals Ig. It follows that \R\ < e. Equivalently, this means 
that 

Since this holds for all sufficiently large t, we get 

Since i^oc projects to Lebesgue measure, wc know that j/qo (tt^^ (£')) > 1 ^ e/4. 
Hence i^od{B{Si, Li)~^0) < 5e/4. This contradicts Lemma ITTHl □ 

Corollary 7.13. Suppose x G . Then there exists a G-invariant subspace W 
of{R'^)'^, such that the closure of Gx is (G k ^^r){x). 

Proof. Let W be as in the conclusion of Theorcm l7.ll Because (Gk $^)(a;) is closed 
and G-invariant, it contains the closure of Gx. On the other hand, the support of 
Pt is a subset of Gx, so Gx is dense in the support of lim^^oo i^t', that is, Gx is 
dense in (G k $^)(a;). □ 

Corollary l^^fl (stated at the end of ^ follows from H7.13|l by a standard 
argument (inducing the action of T to an action of G). 
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8. Application to counting 

We now give the general setup for the counting problems we are considering. 
For additional background and more detailed definitions, see the introduction to 
jEMZj . 

Notation 8.1. 

• Let S* be a translation surface. A saddle connection on 5 is a straight line 
segment connecting two singularities. Since a saddle connection has a well 
defined length and direction, each saddle connection is associated with a non- 
zero vector in M^. Let Vsc{S) C denote the set of vectors in that are 
associated to saddle connections in S. 

• By a regular closed geodesic on S, we mean a closed geodesic that does not 
pass through singularities. 

• As mentioned in the introduction, any regular closed geodesic is part of a 
family of freely homotopic parallel closed geodesies of the same length. Such 
a family is called a cylinder. All the geodesies comprising a cylinder have 
the same length and direction; thus we can associate to a cylinder a non-zero 
vector in R^. Note that each boundary component of a cylinder is a union 
of saddle connections. Let Vcyi{S) C denote the set (with multiplicity) of 
vectors in that are associated to cylinders in S. In particular, if 5 is a 
standard torus, then Vcyi{S) is the set of primitive vectors in 1?. 

• For any T > 0, let B{T) denote the ball in of radius T centered at 0. 

• Let V{S) be a subset of — (0, 0) with multiplicity; i.e. a set of vectors 
with positive weights. The weights are usually positive integers (e.g., we may 
consider saddle connections with multiplicity), but need not be (e.g., we may 
weight each cylinder by the reciprocal of its area). 

• Let Nv{S,T) denote the cardinahty (with weights) of V{S) n B(T). We are 
interested in the asymptotics of Nv{S,T) as T ^ cxo. If V{S) = Vsc{S), we 
will denote 7Vy(S',r) by NsciS,T), and if ¥(3) = VcyiiS) then, as in the 
introduction, we will denote Ny{S,T) simply by N{S,T). 

• Recall from the introduction that 7i(/3) denotes a stratum of translation 
surfaces. 

• Let Hi(/3) denote the subset of 7i(/?) consisting of the surfaces of area 1 
(where area is taken using the associated translation metric). 

• As in 33 let niK denote the Haar measure on S0(2) C SL(2,K). 

• For 5" e 7^1 (/3) and t > 0, let 

i^t.s = atniKSs 
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where Ss is the atomic probabihty measure supported at S, and at = 
^ . Then vt.s is a probability measure on 7ii(/3). 

• FinaUy, for a bounded compactly supported function / : ^ M, let 

fvis)= J2 

vev{s) 

The function fv is called the Siegel-Veech transform of /. 

The general counting problem. We now summarize the relevant results from |Ve2| . 
|EM] and |EMS| that will be used in ^ 

Theorem 8.2. Let S G 'Hi{P) be a translation surface, and suppose the following 
hold (using Notation \8.1\ : 

(A) V{-) varies linearly under the SL(2,R) action; i.e., for all g G SL(2,]R) and 
all S G TiiiP), we have V{gS) = gViS). 

(B) There exists a constant C, such that for all S G Ti.i{l3), we have Nv{S,2) < 
CN,,iS,2). 

(C) As t — > oo, the measures Vt,S converge to an (2, R) -invariant (probability) 
measure fi. 

(D) Let /i: R denote the characteristic function of the trapezoid whose 
vertices are at (1,1), (0,1), (0,1/2) and (1/2,1/2). Let O denote the closure 
of the SL(2,M) orbit of S. Then for any e > and any compact subset K 
of 'Hi{(3), there exist continuous functions </>+ : O ^ R and 0_ : (!? — > R such 
that for all S £ O n K , we have 

(t)-{S) <hv{S) <(t)+{S) and ( {(f>+ - (P_) dfi < e. 
Then, the following hold: 

(i) There exists a constant c = c(5, V), such that as T ^ oo, 

Nv{S,T) - ircT^. 

(ii) We have the Siegel- Veech formula: there exists a constant c such that for any 
continuous compactly supported / : R^ R, 

/ fvdfx^c f f. (8.3) 

JT-Liifl) -^K^ 

(iii) The constant c in ^ is the same as the constant c in (jnj . 

Remark 8.4. Conclusion ^ depends only on assumptions and (some version 
of) (0. It was proved by W. Veech in |Ve2| . where this approach to counting on 
translation surfaces was originated. The proof is reproduced in [EMI Theorem 2.2]. 
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Remark 8.5. Assumption may be replaced by: 

(O) There exist constants C > and < s < 2 such that for aU S £ Hi(/3), 
Ny{S, 2) < C/£{Sy, where i{S) is the length of the shortest saddle connection 
on 5*. 

In fact, IjBIII is used in the proof of Theorem 18 . 21 instead of 10. The assertion that 
(IbJ implies IbD) follows from |EMI Theorem 5.1]. 

Remark 8.6. It follows from IjBIII and |EMI Theorem 5.2] that any limit measure 
of the probability measures vt,s must be a probability measure (see [EMI 
Corollary 5.3]). Thus, the measure /i of 10 is automatically a probability measure. 

Remark 8.7. The assertion (IdJ is a technical assumption needed since the Sicgel- 
Veech transform / may not be continuous even if / is. 

Outline of proof of Theorem \8.S\ Let h be the characteristic function of the 
trapezoid as in I^J. We have the following lemma from calculus (cf. |EMI Lemma 
3.4]): for any v G M^^ 

I h{atrgv) d9 k, 
Jo 

If we multiply both sides of (|8.8() by = e^* and sum over all v G V{S), we get, 
under assumption ||A)) . 

/ hv{atrgS)de K Nv{S,T) ~ Nv{S,T/2) 
Jo 

or equivalently, 

Nv{S,T)~Nv{S,T/2)^2ttT^ [ hvdvt,s- (8.9) 

(The fact that we only have approximate equality and not equality in (|8.9|l does 
not affect the asymptotics. See |EMI §3] for the details). 

The assumption (O means that for any bounded continuous function (p onTii {(3) , 

lim / (l)dvt.s = / 4'd^J,. (8.10) 

We would like to apply (|8.1()() to hy, which is neither bounded nor continuous. The 
fact that hv is not continuous is handled by assumption I^J. To handle the fact 
that hv is not bounded, we decompose hy = /ii + /12, where hi is bounded and 
/12 is supported outside of a large compact set. Then the contribution of /12 can be 
shown to be negligible using |EMI Theorem 5.2], in view of assumption l|BI|l . The 
details of this argument are given in |EMSI §2]. 

Now applying ()8.10() with (p = hy and substituting into H8.9|l . we get 

N(S,T) - N(S,T/2) ^ f J , 
lim ^ ' 'o = 27r / hv d^i. 



e-2* if 6*72 < llvll < e* 
otherwise. 
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By iterating (replacing T with r/2, r/4, T/8, . . .), and summing the resulting 
geometric series, we get 

N{S,T) _ Btt 



^lim^^ = — / hvd^i. (8.11) 



■Hi(P) 



This implies ^. Now by 



hy d/i = c j h — — . 

I-Hiip) Jr'^ 8 

This, together with (jHHH), impHes □ 

As a corollary of Theorem 18.21 and Theorem 17. II wc have the following: 

Theorem 8.12. Suppose S is a branched cover of a Veech surface M . Let N{S, T) 
denote the number of cylinders of periodic trajectories in S of length at most T. 
Then there exists a constant c ~ c{S) such that as T oo, 

N{S,T)r^cT^. (8.13) 

Proof. We use Theorem l8.2l with V{-) = Vcyi{-)- Assumption 10) clearly holds, and 
||B|| also holds since the boundary of every cylinder contains a saddle connection. 

Now let Ai be the connected component of Md{(3) that contains 5* (where 
AdoiP) is as in the introduction). Since S G Ai and A4 is closed and SL(2,M)- 
invariant, the support of any of the measures vt.s is contained in A4. Also, since 
is a branched cover of the space X'', a measure classification theorem on 
X'^ automatically yields a measure classification theorem on AA (see Lemma [8.141 
below). Thus Assumption (0 of Theorem 18. 21 follows from Theorem 17. II 

Finally, in our setting is automatically satisfied, since the orbit closure O is a 
proper submanifold of 7ii(/3), the measure fi is Lebesgue measure on 0, and (after 
intersecting with any compact set) the set of discontinuities of hy is contained in 
a finite union of submanifolds of positive codimension in O. Thus Theorem 18.121 
follows from Q of Theorem 18.21 □ 

Lemma 8.14. Suppose W is a G-invariant subspace of (M^)'"', O is a closed orbit 
of G X in , and O is a [connected) branched cover of O, such that the action 
of G on O lifts to O. 

If V is any u-invariant probability measure on O that projects to the Lebesgue 
measure on O, then v is the Lebesgue measure on O . 

Proof. Let /i and Ji be the Lebesgue measures on O and O, respectively. Then, 
because it projects to the measure v must be absolutely continuous with respect 
to ju; thus, wc may write v = fji, for some Borel function / on O. 

It is not difficult to see that is ergodic for G, so (by decay of matrix coefficients 
[711 Thm. 2.4.2, p. 29], or by the the Mautncr phenomenon |2D Thm. 2.2.15, p. 21]) 
it is ergodic for u. This implies that / is constant. So v = Ji (up to a normalizing 
scalar multiple). □ 
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Figure 3. Wc draw the surface Sn (for n = 5), tessellated by (reflections of) the triangle P„. In 
each of the double n-gon shapes, the opposite parallel sides are identified. The bottom double 
n-gon can be identified with the surface Xn ■ The covering map from Sn to Xn is specified by the 
two slits (drawn as thick lines), with identifications as shown. For n = 5, the shaded region in the 
bottom double pentagon is one of the cylinders in the vertical cylinder decomposition for X„ ; the 
unshaded region in the bottom double pentagon is the other cylinder. 



9. Triangular Billiards. 

Let n > 5 be an odd integer. As in the introduction, let 

, (n - 2)11 (n - 2)tt 2-n 

Pn denote the triangle with angles , , — 

2n 2n n 

and let Sn denote the corresponding translation surface. In the rest of this section, 
we complete the proof of Theorem ll.4l bv computing the constant c in Theorem l8.12l 
for the case of the surface Sn- Our general strategy is to use ^ and of 
Theorem lO To pass from Sn to F„, note that iV(P„,r) iV(5„,r), and since 
Sn consists of 4n triangles, area(S'„) = 4narea(P„). 

The surface Sn can be drawn as in Figure 13 As shown in [HSlj and as one 
can see from the figure, Sn is a double cover of a surface X„ consisting of a double 
n-gon with opposite sides identified. The surface X„ is a Veech surface (see |Velp . 
but Sn is not (see jHSlp . 



The Veech surface. 

Most of the information in this section comes from IVell . Let 



^1 1 • 1 • 1 , TT TT (n — 2)7r 

Qn denote the triangle with angles 



n n n 



(realized with the two equal sides having length 1. and one of the equal sides 
horizontal). Then the surface corresponding to Qn can easily be seen to be 
(isomorphic to) Xn- The cylinder decomposition in the vertical direction consists 
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of (n — l)/2 cylinders Vj, and for 1 < j < {n — l)/2, we have: 

7rf2? — 1) TT 

ft., = heights =4sm— ^ cos - (9.1) 

n n 

n(2j — 1) TT 

w, = width =2sin— -^i ^ sin - (9.2) 

n n 

(the closed trajectories in the cylinder Vj have length hj). Since for all 1 < j < 
{n — l)/2. hj/wj = 2 cot ^, the unipotent 

1 
2cot^ 1 

belongs to the Veech group r„ of X„. Note that 

(9.3) 



W-i \ I w. 

1 



/ U 



The unipotent u„, together with the rotation by 27r/n generate r„. It is shown in 
fVeT] that 

77—2 

Voi(r„\H) = ^ 

77 

where Vol denotes the Poincare volume on the hyperbolic plane H. 
The following lemma is from [G.Tj : 

Lemma 9.4. Suppose T C SL(2,R) is a lattice, and suppose that T intersects non- 
trivially the stabilizer N in SL(2,K) of v. {The above condition is equivalent to the 
discreteness of the orbitVv.) Let j be either of the two generators ofTClN. Let 
B{T) denote the ball in of radius T centered at the origin. Then, as T —> oo, 

|r7,nB(T)| ^ Vol(^,AH)-^^^J^T^ 

where is any vector perpendicular to v. 

We also record the following trivial consequence (of the existence of the 
asymptotics): 

Suppose V is as in Lemma 19.41 and suppose v' is a scalar multiple of v. Then, as 
T — > oo. 

\\vT 



\rv' nB{T)\ ^ -^-f^\rvnB{T)\. (9.5) 



We now apply Lemma f9.4l with F = r„, u = ( ^ ) , w-'- = ), 7 = w„, and 



^hij' \0 

using H9.3|) we get that the number of cylinders in the ball of radius T that are in 
the orbit of the cylinder Vi is asymptotic to 

Voi(r„\e)-i-jLr2 = , " / (9.6) 

ri^Wi [n — 2)7T hiWi 
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We now use H9.5|l to see that for 1 < j < (71 — l)/2, the number of cyhnders in the 
ball of radius T that arc in the r„ orbit of Vj is asymptotic to 

" ^ T\ (9.7) 



(n — 2)7r hjWj 
1 2 

1 h'l 



(in the above, we used the identity ^ = ^ ) . Since every cylinder is in the 

orbit of some Vj, we get (after summing over j), 

/("-i)/2 \ 

7V(X„,T)^^^ ^ ^ (9.8) 



Using the identity [Veil Lemma 6.3] 

(n-l)/2 



• 2 7r(2j-l) 

; , sm — i-^^ — - 



and using the expressions 1)9. we get 

T2 



Af(x„,r) 



(n - 2)tt 48 sin 2: cos ^ 

Since 



we have 



. TT TT 1 . 27r 1 

sm — cos — = — sm — = areay„ = — area A„, 
n n 2 n 2n 



r?{r?-\) _ TT n^(n^-l) 

^ ' ^ 24(n - 2)7r area(X„) ^ C(2) 144(n - 2) area(X„) ' ^ ^ ^ 



This is the formula in IVel 



The Siegel- Veech formula applied to Xn ■ It is useful for the sequel to compare 
the result of (|9.7() with the result of the corresponding Siegel- Veech formula. Let 
Dn = SL(2,IR)X„ denote the orbit of X„. This is a closed submanifold of the 
stratum, which is also called a Teichmiillcr curve. For 1 < j < [n ~ l)/2, 

define Uj: Z3„ subsets of by the formula Uj{gXn) ~ gTn (j^^ (where 

g G SL(2,R)). Let /e denote the characteristic function of the e-ball in 
centered at the origin, and for M e D„, define the Siegel- Veech transform 

Lemma 9.10. If e is sufficiently small, then fj,^ : Z?„ — > M takes on only the values 
and 1; we have fj^^(M) = 1 if and only if M has a cylinder decomposition such 
that the j*^ cylinder from the left has height at most e. Given M , such a cylinder 
decomposition is unique if it exists. 

Proof. This is straightforward. (The uniqueness of the decomposition follows from 
the fact, proved by Veech | Vel |. that H^/r„ has only one cusp.) □ 
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Let denote the normalized SL(2,R) invariant measure on _D„. Then, we have 
the Siegel- Veech formula: 



/,,,dz. = c, / (9.11) 

We now apply Theorem lO with V'(-) = Uj{-), and S = X„. The validity of 
assumption can be deduced from the mixing property of the geodesic flow, see 
|Marj for a general proof in variable negative curvature, or [EMcj for a simplified 
exposition in the constant curvature case. We obtain that 

\U,iX„)nBiT)\^7:CjT^, 

where Cj is as in (I9.11() . Comparing with (|9.7() , we see that 

n 1 

c ■ . 

(n — 2)7r2 hjWj ' 

Substituting into H9.11|l we get 

Remark 9.13. It is possible to prove H9.12|l directly, and thus to compute the 
asymptotics in (|9.6(l without using Lemma f9. 41 We chose this indirect derivation 
of H9.12|l to minimize the amount of computation. 



The branched cover. 

We now return to our surface Sm which is a branched cover of X„ (see Figure EJ. 
Xn is a union of two n-gons, and the two branch points p and p' are at the centers 
of the n-gons. We now wish to apply Theorem 17. II to the point {Xn,p,p') e X^. 

It is important to note that X„ is hyperelliptic, and that our two branch points 
are interchanged by the hyperelliptic involution. Since the hyperelliptic involution 
commutes with the SL(2,R) action, this it true for any point in the orbit of 
{Xn,p,p'). Thus, the SL(2,M) orbit of {Xn,p,p') is not dense in the space X^, 
and indeed we have in Theorem l7.1l a proper W C (R^)^ of real dimension 2. Let L 
denote the subspace { (w, —v), | u G }. The above argument shows that W C L. 
But since we know that Sn is not Veech, dim > 0. Hence dim W = 2 and W = L. 
Let O = (SL(2,i?) K $^)(X„,p,p')- Then O C X'^ consists of points of the form 
{M,q,q') where M G D„, q S M, q' g M and q and q' are interchanged by the 
hyperelliptic involution of M. By Theorem 17. II 

lim ft,(x„,p,p') = (9-14) 

where ^ is Lebesgue measure on O. 

Now let O denote the orbit closure SL(2, M)5'„. Since Sn is a double cover of X„, 
branched over p andp' , for any g g SL(2, M), gSn is a double cover of gXn branched 
over gp and gp', and (gXn, gp, gp') G O. Thus, in particular, every surface in O is 
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a double cover of a surface in £)„. Thus we have a natural map n: O ^ O that 
maps each surface S € O to the surface in Z)„ of which it is a double cover, and 
notes the locations of the branch points. Now in view of H9.14|l and Lemma [8. 141 

hm vt,s„ = A, 

t — ^oo 

where fl is normalized Lebesgue measure on O. Hence, by Theorem 18.21 we have a 
quadratic asymptotic formula 

NiSn,T) = \VcyiiSn)nB{T)\^7:cT^, 

with the constant c given by 




(9.15) 



where as above, /e : ^ M is the characteristic function of the ball of radius e 
centered at the origin, and fe{S) = J^vev^yiis) M"^)- 

Let V be some periodic direction for S'„, hence for X„. We may use an element 
7 of the Veech group r„ of Xn to map v to the vertical direction. Note that jSn 
is a double cover of jXn = Xn- In the vertical direction, X^ has the cylinder 
decomposition Vi, . . . , V(^n-i)/2 described above. 

Lemma 9.16. For any 7 G r„, the branch points ofjSn will project to two points 
in the same cylinder, say Vk ■ The cylinder decomposition of 'ySn in the vertical 
direction is the following: 

a. For each j ^ k, there are two cylinders on jS„ of the same length as Vj {one 
on each "sheet"). 

b. On "fSn there are two cylinders of the same length as Vk and two cylinders of 
twice the length of Vk ■ 

Proof. The fact that both branch points project to the same cylinder of Xn follows 
from the fact that each cylinder of Xn is preserved by the hyperelliptic involution a 
of Xn (since different cylinders have different lengths) and the fact that the branch 
points are interchanged by a. From Figure |31 the cover Sn is determined by two 
slits (drawn as the thick lines in the figure), which are interchanged by a. Since a 
commutes with the SL(2,]R) action, the cover 'ySn of Xn is also determined by two 
slits, which are interchanged by a. For each cylinder Vj of X„, let Xj denote the 
closed trajectory in the center of Vj. Note that for any j, Xj is mapped to itself 
under a. Also, since a exchanges the slits, we see that Xj intersects each slit the 
same number of times. Thus, Xj breaks up into two closed paths of the same length 
when lifted from Xn to 7i5',i. This proves @ and the first assertion of (jbj. It is 
easy to see that the closed vertical trajectories on Vk between the boundary of Vk 
and one of the branch points double in length when lifted from Xn to 'fSn- This 
proves the second assertion of (0 . □ 

Corollary 9.17. The function f^: O ^ M. is constant on the fibers of n (a.e.), 
and thus descends to a function f^: O — > R. The latter function, for e sufficiently 
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small, is given (a.e.) by the formula 

MM,q,q') - 2A,,(Af) + 2A,,/2(Af) + 2^/,-,(Af), (9.18) 

where for 1 < j < (n — 1)/2, /j^g : _D„ — > M is as m Lemma \9.1(A and k is such that q 
{and q') belong to the fc*'' cylinder from the left in the unique cylinder decomposition 
that contains a cylinder of height at most e. 

Proof (sketch). Choose a fundamental domain for r„ in the upper half plane. Since 
Xn has a vertical cylinder decomposition, we may assume that the cusp of the 
fundamental domain approaches cxd, rather than approaching a point on the real 
axis. This means that as h goes to infinity in the fundamental domain, the unique 
short cylinder decomposition of hXn is the image under h of the vertical cylinder 
decomposition of X„. 

We first prove that IpOl^ is correct for all M in the SL(2,R) orbit of S'„. To do 
this, let g € SL(2,R), and write g = h^, where 7 £ r„, and h is in the fundamental 
domain. Note that (A/) is zero unless M has a short cylinder. Thus, if g ^ h'^, and 
h is in a compact part of the fundamental domain, then (in view of Lemma l9.16|l . 
we have feihjSn) = 0. Therefore, we may assume that h is in the cusp, and hence 
the unique short cylinder decomposition of gSn ~ hjSn is the image, under the 
linear action of h, of the vertical cylinder decomposition of jSn- Then it is clear 
from Lemma EUSl that (|^?TH|) holds for M = gSn- 

To complete the proof, note that both sides of (|9.18|) are continuous off a closed 
set of measure 0, namely, the set where a branch point projects to an edge of a 
cylinder (in a cylinder decomposition containing a cylinder of height at most e). 
Then use the fact that the SL(2,M) orbit of S'„ is dense. □ 

Remark 9.19. The analogue of the first assertion of Corollary 19.171 fails in the 
context of jEMSj . in part since there we are dealing with covers of high degree. 
This is responsible for most of the combinatorial complexity of the argument in 

In view of Corollarv l9.17l (|9.15|l becomes 
1 
7re 
L 

7re^ 



fed^l 

o 

/ / UM,q,a{q))d\M{q)dv{M), 



where Xm is Lebesgue measure on the translation surface M, and a denotes the 
hyperelliptic involution. Performing the integral over Af , we get 

c= Yl |^2A.,,(A/) + 2A.,,/2(A/) + 2^^/,-,(A/)j di.(Af)j , 

where pk = hkWk/A and A — area(X„) (so that p^ denotes the relative area of the 
^th Qyiij-^jjgi- from the left in any cylinder decomposition). 
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Now, using (|9.12(l . we get 

(»-l)/2 / ^ „ 

(n - 2)TT ^ \ hkWk 4:hkWk ^ hj 

" [n - 2)7: ^ {ihkWk ^ I ^ 



2 



Since the second term in the parenthesis is independent of fc, and — 1, this 

can be rewritten as 

/ («-l)/2 (n-l)/2 \ 

The first term in the parenthesis is in view of H9.8|l twice the Umit of N{Xn, T)/T'^. 
The second term in the parenthesis is, since pk = /ifcU'fc/(areaX„), equal to 

n (n — 1) 
(n — 2)7r 4area(X„) 

In view of (|9.9|l . we get 

N(S T) /' "'("'-I) 1 I " U2 
^ ^ Vl2(n-2)7rarea(X„) (n - 2)7r 4 area(X„) / 

Simphfying, we get 

NiSn,T) 



n{n — 



12(n — 2)7r area(X„) 
Ahernatively, 

n{n~l){n'^ + + n n{n - l)(n^ + n + 3) T'^ 



6(n-2)7r area(S'„) C(2) 36(n - 2) area(S'„)' 

To pass from Sn to P„, note that N{Pn,T) — N{Sn,T), and since Sn consists of 
4n triangles, area(S'„) = 47iarea(P„). 
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